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Tl-.is  memorandum  is  a continuation  of  reference  which 
discuscedthe  effects  of  the  transducer  internal  impedance 
(^»  cr  ^oc)  upon  the  behavior  of  unsteered  planar  arrays.  A 
detailed  discussion  of  the  effects  of  the  corqponents  qf  the 
transducer  equivalent  circuit  upon  Z*  is  contained  in  refer- 
ence (bK  Results  are  presented  in  this  memorandum  showing 
the  effects  of  beam  steering  and  Zj  upon  the  behavior  of  80 
element  planar  arrays.  Three  main  criteria  will  be  used  in 
evaluating  the  behavior  of  the  arrays:  cavitation-limited 
power,  velocity -limited  power,  and  the  occurrence  of  negative 
radiation  resistances. 


ARRAYS  CONSIDERED 


The  arrays  were  all  8 rows  by  10  columns,  as  shown  in 


Steering  Direction 


Figure  1 A Steered  Array  of  CO  Elements 
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They  were  composed  of  identical  close-packed  circular  pistons 
in  an  infinite  rigid  baffle.  Three  values  of  the  piston  ka 
were  used:  0.5  ( X/6  approximate  diameter),  1.0  ( A/3  approxi- 
mate diameter)  and  1.5  ( A/2  approximate  diameter).  The  resis- 
tive part  of  ZI,R1,was  taken  to  be  zero,  but  seven  different 
values  of  the  reactive  part  of  Z^jX1,  were  uced.  The  values  of 
X1  are  given  in  terms  of  the  ratio  Xl/X^,  where  X^  is  the  self 
radiation  reactance  of  the  piston  alone  in  the  baffle.  The  ratio 
xI/xn  was  taken  as  +1,  0,  -1,  -2,  -3,  -5,  and  00.  For  the  jth 
element  of  an  array,  the  Thevenin  equivalent  driving  force  (Gj), 
the  velocity  (Vj),  the  radiation  impedance  (Zrj),  and  Z^  are 
related  by 


Gj  = ^(Zrj+Z1). 


(1) 


The  driving  forces  vere  all  taken  equal,  so  that  an  X*  of  00 
caused  equal  velocity  magnitudes.  The  arrays  were  steered  in 
the  direction  of  the  longer  side  of  the  array,  by  keeping  a 
constant  phase  difference  between  the  driving  forces  in  adjacent 
columns.  Due  to  the  mutual  coupling,  the  velocity  phases  do  not 
necessarily  maintain  this  phase  dj  I'f erer.ee,  so  that  tne  maximum 
response  of  the  transmitted  beam  is  not  necessarily  at  the  desired 
steering  angle.  Figure  2 shows  a portion  of  the  pattern  for  the 
case  of  X /Xit=-1,  ka=1.0,  and  ©st  (steering  angle  away  from 
broadside)=60°.  Tne  computer  results  from  which  figure  2 was 
token  sliov  that  the  maximum  response  occurs  at  about  ©=57°,  but 
the  response  at  the  desired  steering  angle  is  only  0.1  db  down 
from  the  maximum. 


CAVITAT  ION  - LIMITED  POWER 

Figures  3a,  3b,  and  3c  show  the  effect  of  steering  on 
cavitation-limitcd  power.  With  a few  minor  exceptions,  cavi- 
tation-limited power  steadily  decreases  as  the  steering  angle 
increases.  The  cavitation-limitcd  powers  are  normalized  to  the 
cavitation-limitation  power  for  the  unsteered  case  with  equal 
velocities.  As  shown  in  reference  (a)  for  the  unsteered  case, 
cavitation-limited  power  is  higher  for  the  coses  with  Z^O  than 
for  the  equal  velocity  cases.  Table  I gives  a summary  cf  the 
advantages  in  cavitation-limitcd  power  of  Z^=0  over  the  equal 
velocity  cases. 
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Advantage  in  Cavitation-Limited  Power  (Db) 
cf  Z*=0  over  Equal  Velocities 

®st®0°( Broadside)  ©st=90°(Endfire) 


As  is  shown  in  Appendix  B of  reference  (a),  the  peak  pressure 
on  a piston  is  closely  related  to  the  acoustic  force  on  the 
piston.  The  acoustic  force  is  obtained  from 


Acoustic  Force  = (Radiation  Impedance)x( Velocity) 


Equations  (l)  and  (2)  show  that  when  Z*=0,  the  driving  forces 
become  equal  to  the  acoustic  forces.  When  the  acoustic  forces 
arc  equal,  the  pressure  distribution  on  the  array  becomes  nearly 
uniform,  as  is  shown  in  figure  6b  of  reference  (a).  Hovever, 
for  the  equal -velocity  c ase , the  acoustic  forces  are  directly 
proportional  to  the  radiation  impedances,  which  vary  consider- 
ably over  the  array,  and  will  vary  tc  a greater  extent  for 
larger  steering  angles.  The  cavitation-limitcd  power  for  all 
values  of  also  decreases  as  ©st  increases  because  the  acous- 
tic load  on  the  pistons  becomes  more  and  more  reactive  as  ©st 
increases.  Table  II  gives  the  average  radiation  resistances 
(R//*cA)  that  were  computed,  and  Table  III  gives  the  average 
radiation  reactances  (X/^cA).  Note  that  the  average  radiation 
reactance  increases  much  more  rapidly  than  the  resistance  as 
©=t  increases. 


The  cavitation-limited  power  index  6 was  presented  in 
reference  (c)  by  Sherman.  In  reference  (d),  Chin  computed  )f 
for  some  rectangular  radiators  with  traveling  waves  imposed 
on  them  in  such  a way  as  to  simulate  steered  arrays  of  small 
close -packed  pistons  (with  velocities  equal).  As  would  be  ex> 
pected,  Chin's  graphs  of  f versus  ©st  have  the  same  shape  as 
the  graphs  given  FTfi  III  ripuiei.  la,  ~)1 1 j and  3c. 
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VELOCITY-LIMITED  POWER 

Figures  la,  do,  and  4c  shot-;  the  effects  of  steering  on 
velocity-limited  power.  Straight  line  segments  were  used  to 
connect  the  discrete  points  for  which  the  computations  were 
done.  As  would  be  expected,  the  equal- velocity  cases  (X^=00) 
have  the  greatest  velocity-limited  power,  as  all  of  their 
pistons  arc  at  the  maximum  permissable  velocity.  The  powers 
in  figures  4a,  l-'y,  and  4c  are  again  normalized  to  the  equal- 
velocity,  unsteered  cases.  The  Z*=0  cases  have  much  less 
velocity-limited  power  than  the  equal -velocity  cases,  as  the 
ZI=0  cases  force  their  pistons  to  maintain  a constant  product 
of  velocity  and  radiation  impedance,  so  that  many  pistons  will 
ce  operating  far  below  the  permissable  limit.  As  ©6t  increases, 
the  variation  in  radiation  impedances  grows  worse,  so  that  the 
upstream  end  of  the  array  has  high  velocities  and  low  radiation 
impedances,  and  the  downstream  end  of  the  array  nas  low  veloci- 
ties and  r -igh  radiation  impedances,  and  neither  end  is  able  to 
radiate  a large  amourt  of  acoustic  power. 

For  the  cases  where  X^/Xn  was  -1  or  -2,  poor  velocity 
control  was  usually  present,  so  that  velocity-limited  power 
was  low.  For  these  cases,  velocity-limited  power  generally 
continued  to  decrease  as  ©st  increased.  However,  for  the 
equal  velocity  cases  and  the  other  cases  where  velocity  con- 
trol war  generally  good  (X^/Xn =+l«  -3,  and  -5),  velocity- 
limited  power  reached  a maximum  for  some  sizeable  steering 
angle.  These  ’optimum"  steering  angles  appeared  to  be  near 
4?c  for  .'.a^0.5,  cO'  fox  ka-1.0,  and  75°  for  ka=1.5.  However, 
this  optimum  steering  angle  is  mainly  determined  by  the  size 
C-  the  array,  r/  . the  size  of  the  pistons  in  it.  In  reference  (d), 
ir.  -1st,  gave  results  for  the  radisticn  resistance  for  the  rec- 
tangular radiator  model  of  n rtcered  array.  When  the  velocity 
level  is  fixed,  the  radiation  resistance  then  determines  the 
acoustic  power.  Therefore,  Chin's  results  for  the  radiation 
resistance  of  the  steered  rectangle  are  closely  related  to  the 
velocity -limited  power  of  a close-packed  array  of  the  same 
outer  dimensions  as  the  rectangle.  Unfortunately,  Chin  did 
net  have  a rectangle  of  the  same  outer  dimensions  as  the  80 
element  array  in  this  report.  However,  his  figures  5 and  6 
do  show  rectangles  with  maximum  radiation  resistances  at  large 
steer ing  angles. 
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OCCURRENCE  OF  NEGATIVE  RADIATION  RESISTANCES 


Table  IV  gives  the  number  of  elements  having  negative 
radiation  resistances  in  each  of  the  arrays  considered. 

Elements  having  negative  radiation  resistances  are  absorbing 
pew  er  from  the  rest  of  the  array,  and  are  evidence  of  badly 
behaved  arrays.  The  worst  of  the  arrays  considered  had  38 
elements  with  negative  radiation  resistances,  nearly  half  of 
the  entire  array.  As  wus  exacted,  the  bad  cases  occurred 
mostly  for  X^/X^j_=-1  and  -2,  and  more  often  for  the  sraal  1 ka 
than  for  the  larger  ka.  For  k&--0 . 5 > negative  radiation  re- 
sistances occurred  over  a wider  band  of  at  small  steer- 

ing angles  than  for  large  steering  angles.  However,  for  ka=1.5, 
the  only  occurrences  of  negative  radiation  resistances  were  at 
la-ge  steering  angles.  Looking  at  Table  IV  as  a whole,  negative 
radiation  resistances  occurred  slightly  more  often  at  larger 
steering  angles. 


CONCLUSIONS 


Capitation  limited  power  is  maximum  for  broadside  steering 
and  Z -0.  It  grows  worse  as  the  steering  angle  increases. 
Velocity  limited  power  is  maximum  x'or  Z*=00,  and  occurred  at 
some  optimum  steering  angle  which  was  dependent  upon  the  size 
of  the  array,  with  the  largar  arrays  having  a greater  optimum 
steering  angle.  Negative  radiation  resistances  occurred 
sligntly  more  often  for  larger  steering  angles;  and  for  ka»l . 5 , 
they  only  occurred  for  large  steering  angles. 
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David  T.  Porter 
Mathematician 
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